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Abstract

We present a theoretical study of the damping phenomenon in a device of
coupled quantum dots, in the context of quantum computation. We derive the
one-phonon contribution to the damping rate, based on Fermi’s golden rule,
for the case where the device lies in the super-Ohmic regime. The result is
in agreement with that of Leggett ef al derived within the noninteracting blip
approximation (NIBA). Moreover, we consider the multi-phonon contribution
to damping according to Wiirger, and estimate the temperature range for the
coupled dots to operate as a qubit device. A threshold temperature 7%, 18 K, is
determined, above which the tunnelling time becomes longer than the damping
time.

1. Introduction

Quantum computation has been an emerging field during the last decade. In this field, people
hope to build a new generation computer, a quantum computer, by the principle of quantum
mechanics. The basic unit of a quantum computer is called a quantum bit (qubit) expressing
states ‘0’ or ‘1’. Because of the superposition principle, a qubit can take on 0 and 1 states
simultaneously.

There are many proposals to construct a qubit device, such as SQUIDs [1], nuclear
spins [2], ion traps [3] and quantum dots [4]. An important issue is that a qubit state does
not last forever when a qubit is coupled with the environment. This phenomenon is called
‘damping,” and damping time (the time it takes for the state to relax) determines whether a
qubit state lives long enough for an operation to execute in a pre-set timescale.

The present work focuses on a theoretical study of the damping phenomenon in the device
of coupled quantum dots embedded in the oxide layer of a metal-oxide—semiconductor (MOS)
proposed by Tanamoto [4]. Each pair of coupled dots forms a qubit, with 0 (1) corresponding to
the state where the electron is confined in one (the other) dot, and can be used to implement the
fundamental quantum gate, the controlled-not-gate. This proposal has two advantages. Firstly,
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it uses the mature Si technology. This solves the ‘scale-up’ problem in the case of nuclear spins
or ion traps. Secondly, generally speaking, solid state devices allow one to easily read and
write qubit information through voltage gates, for example. However, the second advantage
is earned only at a price. Because the coupled dots are embedded in SiO,, there are a large
number of background phonons in the vicinity of the electron. These phonons interact with the
electron and cause damping of the electron state. Therefore, it is always important to check the
damping rate in the case of a solid state qubit device. Tanamoto has estimated the damping rate
based on the theoretical expression of Leggett ef al [S]. The present work tries to improve the
estimate in the two following respects. Firstly, we derive explicitly the one-phonon contribution
to damping rate, based on the Fermi golden rule. This permits an estimate of the rate at low
temperatures. Secondly, we consider the multi-phonon contribution to damping according to
Wiirger [6], and also obtain a high-temperate estimate.

2. Fermi’s golden rule approach

2.1. Description of the problem

In insulated materials, acoustic phonons provide the most important damping mechanism. The
phonon bath spectrum is defined as

J@) = @/2) Y iy @ — o). (1)
q

Equation (1) accounts for various situations in solid-state physics. We work within the Debye
model and, after summing over ¢, the phonon bath spectrum then obeys a cubic law [6]

J(w) = Taw 2

where the dimension of the coupling constant « is (frequency)~2. It is related to material

constants through
2 2 2
A T . o
2m2hp \ v} v} 2m2hp S
where v and y are appropriate average values of transverse and longitudinal sound velocities,
v, and v;, and deformation potentials y; and y, respectively. p is the mass density of the solid.
(2) means that the device lies in the so-called super-Ohmic region [5], where J(w) ~ »* with
s > 1. We also take the energy levels of two dots to coincide, so that we may use a simplified
physical model, i.e. the symmetric structure of coupled dots, as shown in figure 1. This is
appropriate for understanding the switch of the qubit state between 0 and 1.
We write down our Hamiltonian, which describes the coupled quantum dots

1 h A
H = Z(a;aq + §>hwq — EAb(ClJrC, +Cray) + Z 7”(Cr+cr _ C,*Cl)(afq +ag)
q q

“)
where phonon operators obey bosonic commutation relations [a;, a;r] = §;j, and electron
operators satisfy fermionic commutation relations {C;, C}L} = §;j. Ay is the bare electron
tunnelling frequency. (Here, ‘bare’ means that the electron uncouples with phonons.) A,
is the electron—phonon coupling constant, which is proportional to the inverse of the root of
the system volume. (4) describes the well known spin-boson problem [5]. There are various
approaches to calculate the damping time of this system, such as NIBA [5, 7], strong-coupling
theory [6], and perturbation theory [8]. Although Leggett ef al [5] demonstrate that the Fermi
golden rule is inadequate for the calculation in the case where J(w) ~ o® with s > 2, we shall
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Figure 1. Simplified model of the coupled quantum dots. An electron tunnels back and forth
between right and left quantum dots.

show that, switching to different unperturbed eigenfunctions, the damping rate with explicitly
only one-phonon contribution can be obtained within the golden rule. Moreover, the result
agrees with that of Leggett et al [5] derived within the approximation NIBA. Roughly speaking,
they calculated the probability p(¢) for an electron to go back to the dot where it sits initially,
which is given by the following double path integral:

p() =/D[X(r)]/D[y(t/)]A[X(t)]A*[y(f')]F[X(f),y(f')],

where f D[x(7)]A[x(7)] is the corresponding probability amplitude in the absence of
electron—environment interaction, and F is the influence functional accounting for the
interaction. x (t) (or y(t)) denotes the position of the electron as a function of time, which, in
the case of double dots, can take only two discrete values, e.g. 0 and 1, corresponding to the left
and right dots, respectively. They showed that a certain contribution to p(¢) involves products
of the blip function B

B(1)B(s) = Y _b;[0(t — 1o 1)=O — 1)1 ) bilO(s — 1oy 1)—O s — t0)].
1 1

In such a case they showed that only those with j = k (the same blip) in the product are
important, and they made the approximation where the ones with j # k were thrown away,
hence called the noninteracting blip approximation. The result of Leggett et al is not easily
accessible to interpretation as consisting of only a one-phonon contribution. We now describe
our derivation via a different approach, in the following.

2.2. Break of the Hamiltonian

We show how to break the Hamiltonian into an unperturbed part and the perturbation. Since
Si0; is a polar material, an electron in SiO, will attract a large number of phonons in the
vicinity. The polaron concept [9] is used to describe the electron dragging a large number of
phonons, and the standard method to tackle this problem is the canonical transformation to
localized polaron basis [10]

H=c He ™S, )
With
s=- % Bl v, — )y - aty) ©)

q @q
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we have
_ 1 /21> hA, -
— + _ _ "qr=r =0 + + 1
H = Eq <aq ag + 2>hwq E,, o, > (CCX+CICX) 7
where
X = exp § —A"(a —a’)|. 8)
— g 1 1

Note that X* = X" and A} = A_,.
Next, we change localized electron operators of (7) to the delocalized operators
CH=(C+ChH/V2 ©)
Ch= (- CchHv2 (10)

corresponding to symmetric and anti-symmetric states, which gives

- 1 |hg/217 Ay _
H = Z(a;aq + §>hwq - Z(‘;—q> - T(C;FCS —CHcox +x71
q q
hA
- T"(c;cs —CrC)(X —x7. (11)

To break the Hamiltonian, we re-write the operator in the last term by inserting a complete set
li,ng);i = s,atwice,ie. A =), > . la")(a"|Ala’){a’|. Then, we separate diagonal and
nondiagonal parts of the matrix. After these two steps, (11) becomes

H=Hy+V + V. (12)
The first term is the unperturbed Hamiltonian

1 Ao /21>  hA,
Hy = E <a;aq + E)hwq — E l;)— — T (nq|X
q q

q ng

+ X Mg (Is, ng) (s, ng| — la, ng)(a, nyl) 13)
and the last two terms together represent the perturbation

J/FANS

Vi = _T(c;cs —CfCH(X —X7h (14)
hA , . ) ,
Vo=——- (g |X + X" |ng)(Is, ng)(s, ngl — la, ny)a, ngl). 15)
o,

Thus, our unperturbed eigenstates are the symmetric and anti-symmetric polaron states plus
free phonons.

Note that Leggett et al [S] show that, if localized polarons are used as unperturbed states,
the golden rule does not yield the correct damping rate in the case J(w) ~ ® with s > 2.
However, in contrast, we have changed the localized states to extended (symmetric and anti-
symmetric) ones, and (12) describes the situation where the extended electron state, due
to its interaction with the environment (as represented by the perturbation), will lose phase
coherence.
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2.3. One-phonon damping rate

At a low temperature where there are only a few phonons in the system, the one-phonon
process dominates the transition between symmetric and antisymmetric states, with the phonon
occupation number only changing by one during the transition. In the following, we show how
to derive the one-phonon contribution to the damping rate. Firstly, note that since

Vi o (CFCy = CHCH(X — XY o (Cf €y — Cjca)(Z()\,,/wq)(aq - afq)>
q

where n = odd, V; contributes to the one-phonon transition. On the other hand,
Va oY (nl|X + XM ng) (s, nl) (s, ng| — la. nl))a. ngl)

5 Z<n;|(2(x,,/wq>(aq —a+q)> Ing)(Is. n))(s. ng| — la, n))(@. ng))
q

where n = even, and so V, does not enter the calculation of the one-phonon damping rate.
Fermi’s golden rule gives the damping rate of the state i as

Ty = @r/h) Y [Vl8(Ef — Eo) (16)
S#
whose inverse is the damping time
1

According to (13), our initial and final unperturbed states and energy are, respectively,

i i1 Ab, —1y,i Aq /2
s,n'), E =h(z<nq+5>wq—7(nq|x+x 1|nq)> —Z"w— (18)
q

q q

f ryl Ay, ¢ g |Aq/21?
a,nq), Ea,%:h Z n: +§ wq+7(nq X+ X |”q> _Za)— (19)

q q q

Substituting equations (14), (18), and (19) into (16), we obtain the damping rate of the
symmetric state, due to its transition to the anti-symmetric state,

A\’ L
Fiodd) =2 E [(T) |(n{;|X—X 1|n;)|z
f
ng

i Ay J —
X B(anwq— nqwq+T(ng|X+X llng)
q q
Av, =1y,
+ X+ X ) 20)
that of the antisymmetric state can be similarly calculated. Using the identity

ffooo dtexp(ift) = 27 8(f) in (20), we obtain

e Ab\? awpy s Fya i ;
I (odd) :/ dtZ( b) ol P Ung |X+X " ng )+ {ng | X+X " |n) 1t
s

- f

o 4
X (n|(X7H = X)|n) ) (] 1(X (1) — X~ (0)|n)) @1
where
A —iwgt iwgt
X(0) = expl:; w—‘;(e a, —e afq)j|. (22)
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Now, we extract, from (21), the one-phonon process

FS(,I) = term1 + term?2 23)
where
2
terml = /OO dt Z(ﬁ) ei%[(nfl\X+X"|n71)+(n|X+X"|n)]t
oo p 4
x (n|(X~" = X)n = )in — 1{(X @) — X' (1)|n) (24)
and
2
term?2 — /OO dt Z(ﬁ) ei%[<n+1\x+x”|n+1)+<n|x+X*'|n)]z
oo p 4
x (n|(X~" = X)|n+ Din + 1{(X @) — X~'(1)|n) (25)

with the symbol n replacing n; for the sake of abbreviation. Next, we discuss how to
calculate (24), and (25) can be done in a similar way. In (24), the matrix elements are evaluated
as below

(n—1X + X" n— 1) = 2e7F 2L, (lug )] []‘[ e'“q’z/an;,(mqwz)} (26)
(X + Xy = 2] Te 2L, (lug ) . @7)
¥
mX ' =Xn—=Dn-1X0t)— X "0)n) = 4{(ei“"f’e“‘f|2|uq|2)(é>
x [Lf,fluuqf)]z} { [Tte"" L, (|uqf|2>]2} (28)
q'#q

where u, = Ayj/w; x Ay 1/\/7, V is the system volume, L,_; and L, are Laguerre
polynomials of order n — 1 and n, respectively, and L,Sl_)l is an associated Laguerre polynomial.
Note that |u, |> oc 1/V, and so in the thermodynamic limit we only need to retain the linear
term of |uq|2. In (24), expanding the exponential term, substituting the expressions from
equations (26)—(28), and keeping up to the linear terms of |u, |2, it becomes

(o) Ab 2 o ; e
term1 =/_ dt(T) ; 4(e "lluq|2)nq l;[e \(1|/2L,,j],(|uq/|2)

2

[e¢]

3
—i i —lu1? .
+ 4 “"‘f’lu,,|2)n;|:| [e |”‘f|/2Ln;/(|uqr|2)i| (iApt)
q/

4 . 2
M-ﬁ-} 29)

—iw,t 2\ i —lug 1?2y 2
+ 4" |uy| )n;[l;[e “a Ln;,(luq’l )i| >

Next, we take the thermal average of (29) with respect to the phonon bath as follows. Note
firstly that, in the thermodynamic limit, the linear term of |u/|* in L, gives
q

X
—lug 227 2 _ —xlug /201 _ 2,0
<|:1_r[e K Lni],(l“q" )j| >e B <1_r[e o (1 Xqu,I n;,)>e
q q

= TTe " 21 = xlug PNy
y
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where (A), = trB(Ae_ﬁ“Z“‘f“"f)/Z denotes the thermal average, Z = ]_[q 1/(1 — e Pea),
N, = (ng)e =1/ (eP"®s —1)and x = 2, 3, 4, .. .. Moreover, making the customary exponential
approximation, the last expression becomes

X X
(11 =[]
q' e q’
20 Ny ||
_ l—[e = QN+ | (30)
v

Now, inserting the above result in the thermal average of (29), it gives

o Ab 2 P —lu, 2 @N 1 2
~ —iwgt g o+
(term1), N/_oo dt(T) §q {4(e lug | )Nq|:|q/|e }

_ 2
lugr!

3
+4<e—iwv’|uq|2>Nq[l_[e : (ZN””} (iApt)
y

_ 2
lugr!

4 . 2
+4(e_i“"1’|u,,|2)N,,|:l_[e : <2Nq/+1>} GAv1)°
y

2

T } (31)

The above expression can be rewritten in a condensed form as follows. We introduce
A= Ape™5r (32)

where

—lu

e ST = l_[ e
q/

(32) is the reduced tunnelling frequency [5, 6] and (33) is the Debye—Waller factor [10].
Arranging (31) in the form of (32), we obtain

© A2 .
(terml), ~ / dt(;) Zluqlque“‘"q’e‘A’. (34)
- q

q"z —lu ’|2 hw,
QN+ — oy [ 2L coth| —L (33)
b 2 kT

q

[e¢]

Similarly, the thermal average of term 2 of (23) is
oo AN? .
(term2), ~ f df(z) Y lug PNy + D' e, (35)
o Z

With equations (34) and (35), (23) becomes

TN 2
o0 dl(é) Z[|Mq|2qui(A7wq)t

~ \2/) &

g (N, + Del@tenr), (36)

After integrating (36) with respect to time, we obtain the one-phonon damping rate of the
symmetric state

(rMy, = (terml), + (term2), ~ /

AN . .
(riy, ~ <E) 27 ) [ugPNy8(A = ) + [ug*(Ng + DS(A + 0,)]. (37)
q
Following the same steps as above, that of the anti-symmetric state is

AN? ~ ~
(rM) ~ (5) 21 ) Mgl NyS(A + @) + lug* (N + DS(A — ). (38)
q
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Defining the average one-phonon damping rate as

(CM)e +(TEV),

F(l)ez
() 7

(39)

we obtain

A\? - - B
r0y, ~ <5) b Xq:[|uq|2(5(A + wy) + 8(A — w,)) coth<2kc];)qT>:| (40)

where we have used 2N, 4 1 = coth(B/4w, /2). Because of energy conservation, the first delta
function in the bracket has no contribution, and so

_(AY? 2 ho
(ry, ~ <5) ”Z[ qu s(A —wﬂcoth(ﬁ)}- (41)

q q

In terms of the spectrum function defined in (1), we obtain, finally,

(ry zlj(ﬁ)coth ha 42)
) 2kgT )’

Note that (42) is identical with the result derived by Leggett et al [5] in the case where
J(w) ~ o with s > 2, within the NIBA. The advantage of our approach is that, unlike the
NIBA, the physical picture is clear. We see that the damping mechanism as described in (42)
is entirely due to the one-phonon-induced transition between the symmetric and antisymmetric
states. Also note that, because the multi-phonon transition becomes important with increasing
temperature [6—8], the damping rate derived in this section is actually underestimated in the
high temperature range.

3. Estimate of damping time

Firstly, we introduce the following useful mathematical result [6, 10] for the reduced tunnelling
frequency:

A = Agexp(—¢0/6) (43)
where
Ag = Apexp(—aw? /2) (44)
T2 7\?
Ty = h(kgV20). (46)

The above result is obtained by carrying out the wavevector summation in (33) and putting it
back in (32), expressing the reduced tunnelling frequency in terms of physical parameters of
the system. It will be needed in the following numerical estimation.

3.1. Zero temperature
From equations (42) and (2), the damping rate at zero temperature is
(r), ~ traA’ 47)

where A = A,. With the material parameters quoted in table 1 for SiO,, the damping time at
zero temperature is T = 1/ (I'MY, ~ 6.5x 107 (s), and the tunnelling time at zero temperature
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Table 1. Parameters for SiO, [6].

p = Mass density = 2200 (kg m )

Ao = Reduced tunnelling frequency (at 7 = 0) &~ 4.58 x 10° (s’l)
® = Debye temperature ~ 450 (K)

wp = Debye frequency = % ~5.89 x 1013 (s71)

vy = Longitudinal/transverse sound velocity 2~ 5800/3800 (m s7h
y = Average deformation potential &~ 2.6 (eV)

From the above parameters, we obtain
(i) Coupling constant o = 1.01 x 102> (s?) according to (3).
(ii) Temperature scale 7Ty = 5.4 (K) according to (46).

is Ay L~22x10710 (s). This means that the qubit device can switch between 0 and 1 about
10’ times before appreciable damping occurs.

The damping time estimated above is longer than that of Tanamoto [4], 4.8 x 1077 (s),
for the following reason. Firstly, the parameters of [6] are used in the present work, which
are different from Tanamoto’s. Secondly, Tanamoto uses the bare frequency Ay in place of
the reduced frequency Ay, for lack of available data, which overestimates A, and hence the
damping rate.

3.2. Damping time versus temperature

In this section, we discuss the damping time versus temperature, based on Wiirger’s work [6].
At low temperatures where T < Ty (with Tj the temperature scale defined in (46)), the damping
rate is [6]

(I)e & ima(A)? coth(BRA/2) + O(a?). (48)
We see that (48) is identical to (42) for the cubic spectrum function, J (@) = maw?. However,
when T > Tj, the multi-phonon damping rate becomes important and the corresponding
damping rate is [6]

(Fe)e = %Vu + Ve (49)
where
_ 15 N AR SN A
va= A cosh(,BhA/Z)( = )Z;d LA (BRA) (49a)
1o, (BR\ X ¢
Ve = §A2<'87) Z %An(()) (49b)
with
A(h)—l/oodti”’; (49¢)
n(Bho) = | A Gt pm ¢

Because (49) has no closed form, Wiirger proposed an interpolation method to
approximate (49) [6],

Te=3Vu+ Ve (50)
~ 1 ~ sinh(¢py)
Yu = maA® coth(—ﬂhA) B — (50a)
2 wo/1+ 4go/m
s h(go) — 1
Ve = 2ma A2 (ky T /1) —2S0) (50D)

o1+ 4o/
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Damping Time and
Tunnelling Time (log,, scale)
[o2)
|

—r 1 - 1T r 1 T | S L LA RN B |
0 2 4 6 8 10 12 14 16 18 20 22 24
T(K)

Figure 2. Damping time and tunnelling time versus temperature. Curve 1: one-phonon damping
time from (48). Curve 2: the damping time with contributions from the first two terms of (49a)
and (49b). Curve 3: the damping time with contributions from the first three terms of (49a)
and (49b). Curve 4: the damping time according to the approximation (50). Curve 5: tunnelling
time from (43).

We plot the relation of damping time and reduced tunnelling time to temperature in
figure 2. From curves 1, 2, and 3, we find that as we consider more terms in (49), the result
moves downward to curve 4, which is the approximation of (49). Curve 5, the tunnelling time,
increases with the temperature, by about a factor of ten in the temperature range from 7 = 0 to
25 K. If we regard the inverse tunnelling time as the switching speed of a quantum gate, then it
means that the speed of a CPU made of such quantum gates is sensitive to temperature variation.
On the other hand, curve 4 shows that the damping time decreases rapidly as T increases, and
there is an intersection between curves 4 and 5. At that point the damping time is equal to the
tunnelling time, and the qubit cannot complete a switching cycle between 0 and 1 before the
damping occurs. According to figure 2, the corresponding temperature is about 18 K, and we
denote this threshold temperature 7*. Therefore, at T > T*, coherent tunnelling is destroyed.

4. Conclusions

We present an approach based on Fermi’s golden rule to derive the one-phonon damping rate
of coupled quantum dots, in the case J (w) ~ »* with s > 2, which is found to be in agreement
with that of Leggett et al derived within the NIBA [5]. The damping time at zero temperature is
estimated to be 6.5 x 107> (s), longer than Tanamoto’s estimate [4]. As temperature increases,
the multi-phonon effect becomes important, and a numerical estimate of the rate is carried out
based on the result of Wiirger [6]. Overall, according to the present work, double quantum dots
show interesting properties not far off the target for qubit application, but it also points out some
issues for future research. Firstly, there is a threshold temperature 7%, i.e. 18 K, above which the
tunnelling time becomes longer than the damping time, which sets an upper temperature bound
for the operation of the coupled quantum dots as a qubit device. Secondly, the switching speed
of a quantum gate made of such double quantum dots is temperature sensitive, and reduces
substantially as the temperature is raised. Future study to optimize the structure towards a
higher 7* and a less thermal sensitivity may be worthwhile.
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